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Introduction

D URING the past few years, a tremendous effort has been done
in the development of ef� cient and accurate algorithms to

solve the Navier–Stokes equations about con� gurations of increas-
ing complexity.Manysuch attemptshavebeenconcentratedin using
unstructured grids formed exclusively of triangles or tetrahedra as
a result of the � exibility and automation capabilities that such type
of elements offer to � ll them with an arbitrary computational do-
main. The discretizationof the surface grid is a previous step to the
constructionof the volumetric grid.

Most of the methods related with surface mesh generation are
described as simple extensions of the two-dimensional case1 and
usually underestimateor elude to make explicit reference to the dif-
� culties associated with the quasi-three-dimensional nature of the
problem. The direct consequenceis that papers speci� cally devoted
to surface mesh generationare scarce or placed outside of the main
archival journals.The situationis speciallyaggravatedwhen dealing
with Delaunay-like methods because the basis of most of the docu-
mented procedures of surface gridding is the advancing front (AF)
approach.2 ¡ 4 On the other hand, some authors2 have reported that
surface grid generation requires roughly three times as much CPU
time as the standardplanarcase and is a rather expensiveoperation.3

The evidence shows that meshing on an arbitrary surface is a prob-
lem substantially more complex than the planar case. If the AF
method is used, one of the major dif� culties is to � nd a point on the
surface that is equidistantfrom the two nodes that form the segment
of the front under consideration. This problem is easily cast as the
one of � nding the intersectionof a circle and a surface.The compu-
tationof this operationis a time-consumingprocess that can be done
either internally or recurring to libraries provided by the solid mod-
eller. To avoid this type of dif� culty, some authors have proposed to
mesh the surface entirely in the parametric space using a Delaunay
method.5 In this case the algorithm requires the computation of the
surface metric from the intrinsic properties of the surface.

This Note presents the experiencegained during the development
of a surface grid-generation package using Steiner triangulations.
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First,we will exposethe basisof the method for the two-dimensional
case. Second,we will gooncommentingabout the speci� c problems
related with the quasi-three-dimensional nature of the problem and
that do not appear on the planar case. Finally we will close the Note
raising ef� ciency and quality issues.

Two-Dimensional Grid-Generation Procedure
At present constrained Delaunay triangulations in two dimen-

sions do not pose notable dif� culties. It is the authors’ perspective
that these types of algorithms are, in principle, simpler and easier
to develop than their AF equivalents. However, other types of con-
siderations, much more dif� cult to estimate, can play an important
role in the � nal decision of choosing between the AF method and
Steiner triangulationsbased in different kinds of connectivities.

Different algorithms have been proposed for the Delaunay tes-
sellation of a given domain; some emphasize constructions based
in edge swappings (e.g., Lawson’s algorithm), whereas others rely
on the incircle property (Bowyer–Watson method). In the present
work we have made use of both methods to increase the robustness
of the system.

Enforcingtheprescribedgeometry is usuallydone in two postpro-
cessing steps. First the edges that de� ne the geometry are required
to exist. In the present approach an arbitrary set of edges, not nec-
essarily conforming to a boundary, is forced to exist by executing a
sequence of swappings.6 In a second step all of the triangles placed
outside of the domain are � agged, making use of the orientation
associated to the closed circuits that de� ne it and of a consistent
ordering of the nodes that constitute the triangles.

Interiornodesof the domain are insertedmaking use of a function
that provides a measure of the desired size of the triangles. This
element-sizefunction is built just from the information contained in
the pointdistributionof the domainboundariesand of the prescribed
curves in its interior.The key idea of the procedure is to use as � eld-
point distribution function the solution of a Laplace equation with
Dirichlet boundary conditions.

Mesh quality is improved in two different steps: grid smoothing
(that will be described in the next section) and node-degree ho-
mogenization. The degree of a node is de� ned as the number of
points that are connected to that node in the grid. The postprocess-
ing step in which nodes of low and high degree are � ltered is called
node-degreehomogenization.This process is useful to break some
topological structures that tend to appear during the course of the
triangulationand that prevent further improvement of the grid.

We have included in our mesh-generationmethodologythe capa-
bilityof removingnodesof degree three, four,and higherthan seven,
as well as pairs of nodes of degree � ve. The node homogenization
processdependsonly in the mesh connectivity.After the application
of the node homogenizationprocedure, it is ensured that only nodes
of degrees � ve to seven exist in the grid. (A detailed description
of the two-dimensionalproblem has been previously reported7 and
will not be repeated here.)

Surface Grid-Generation Procedure
The original two-dimensional procedure has been generalized

in order to obtain grids on arbitrary surfaces. Here we have closely
followed the work reportedby Marcum2 based in an AF point place-
ment strategy and min-max connectivity. In the present version of
the algorithm,the AF part has been substitutedby a procedurebased
in adding additional sites to an existing triangulation to improve a
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certain measure of grid quality (i.e., a Steiner triangulation). Steiner
triangulations have been used to generate planar grids of isotropic
and stretchedelements8 and surface triangulations.1 The main prob-
lem on nonplanar surfaces is that it is too expensive to implement
ideas that involve real distances (e.g., the incircle test) because,
although the concept of a Dirichlet tessellation is well de� ned in
smooth surfaces using the concept of geodesic distance, this is a
variational problem whose solution is computationally expensive.
To circumventthis dif� culty, we have used the edge-swappingalgo-
rithm caused by Lawson.9 The method assumes that a triangulation
exists, then all of the interior edges of the mesh are examined. Each
of these edges is the diagonalof a quadrilateralformedby the two tri-
angles that share the edge. If the quadrilateralis convex, its diagonal
is chosen in such a way that optimizes the selected local measure
of quality. It can be shown that if the process is repeated until con-
vergence using the max-min criterion the � nal mesh is Delaunay.
Becausewe are applying the algorithmin a nonplanarcase,we mea-
sure the angles in the physical plane. The conjecture is that once
the process converges the resulting grid is a Delaunay tessellation.
Another alternative would be to solve the problem entirely in the
mapped space5; in this case a metric based in the intrinsicproperties
of the surface would have to be created to take into account the three
dimensionality of the problem.

Our systemuses an approximatephysicalspacegrid named MGG
(mapped-space generated grid): here we have followed the Mar-
cum’s terminology.2 The aim of this auxiliary grid is to obtain an
internal description of the surface, based in a rough surface mesh,
that decouples the grid-generation procedure of the CAD system.
The true surface de� nition is only used at the beginningand the end
of the process. The basic steps in the overall procedure include the
following:

1) Generate a grid entirely in mapped space using the standard
planar Delaunay procedure. Obtain the physical space coordinates
at the mapped space coordinates using the analytical de� nition of
the surface. This de� nes the surface grid MGG generated entirely
in mapped space.

2) Obtain the physical space coordinatesat the MGG coordinates
using the CAD de� nition routine.

3)Generatea � rst grid in physicalspacecontainingjust thebound-
ary nodes. Elements placed outside the domain are retained in order
to ease search procedures.

4) Triangles not satisfying the element size or curvature criteria
are subdivided inserting new nodes in its mapped space centroids.

5) A sequenceof swaps is started in order to meet the min-max or
max-min criteria. This local reconnection process is repeated until
converge.

6) Smooth the node coordinates in physical space.
7) Critical node removal and high-degree node elimination are

performed.
8) Steps 4–7 are repeated until convergence.
9) Coordinates in the mapped space are transformed to physical

space using the speci� ed geometry de� nition.
10) Elements outsideof the computationaldomain are eliminated

if required.

Sawtooth Prevention Filter
It is well known that the most critical part of a Delaunay method

is the initial phase when just a few points have been inserted in the
triangulation.In the planar case the potentialdanger is the failure of
the algorithm as a result of round-off errors caused by the nonlocal
nature of the operations that take place during this early stage. In
the presence of surfaces with moderate to high curvature, another
kind of pathological behaviour can appear. We have noticed that
under certain circumstances the max-min or min-max criteria can
select cell con� gurations in such a way that the chosen elements
lie far away from the actual surface. One of the aforementioned
structures is depicted in Fig. 1a. It is clear that this kind of triangle
formed during the process of edge swapping should be discarded
because they do not constitute a good approximation to the sur-
face. If this cleaning process is not performed on time, this sort of
element gives rise on subsequent subdivisions to nodes placed far
away from the surface. At this moment the discretized surface is

a) b)

c) d)

Fig. 1 In the upper part of the � gure, two possible con� gurations for
a set of four nodes are sketched. a) This structure is possible within
the context of a min-max or max-min swapping criteria because the
triangles sharing the edge may be equilateral. b) This structure is forced
in our method. c) and d) These structures depict how the problem is
aggravated in the presence of smoothing.

not smooth anymore, and in practice it is observed that it is dif� cult
to recover the nominal surface departing from this situation. The
problem is specially aggravated in the presence of grid-smoothing
mechanisms that can generate singular grids on the mapped space
but geometrically feasible in the physical space (Figs. 1c and 1d).
An additional � lter has been devised to prevent the appearance of
these sawtooth patterns.Every time the possibilityof an edge swap-
ping is checked, we verify whether we are dealing with a sawtooth
or not. To take that decision,we compare the length of the inspected
edge d0, with the size of the smallest of the four edges of the quadri-
lateral formed by the two triangles that share the edge dmin , if d0 is
smaller than dmin, the edge is forced to exist, either preventing or
forcing the swapping to occur independently of other type of con-
siderations. The aim of the � lter is to avoid the generation of pairs
of almost equilateral triangles,fold about its common edge and with
the opposite vertices placed very close of each other (Fig. 1a). The
� lter favors the alternative option (Fig. 1b) and prevents the forma-
tion of these undesirable patterns, optimal from the point of view
of the standard swapping criteria, but that in very coarse meshes
give rise to elements that have nothing to do with the actual sur-
face. When the number of points is increased and the grid starts to
roughly describe the surface, the � lter gradually loses its role, and
almost nocorrectionsare detectedin the latestphasesof the gridding
process.

The dif� culties that might be encounteredare illustratedin Fig. 2,
where different stages of the generation of a torus surface grid are
sketched. The initial mesh (Fig. 2a) is composed by nodes located
in the boundaries of the parametric representationof the torus, and
the triangles that form the grid are located far away from the actual
surface. At this instance special care must be taken to avoid the
generation of the sawtooth patterns. In this particular case these
would have formed close to the nodes located in the parametric line
that de� nes the minor radius of the torus. In Fig. 2b a series of
crests formed by triangles can be observed. The nodes located in
the ridge have been forced to be connected by means of this � lter;
otherwise, the min-max or max-min criteria would have created a
set of triangles joined through its bases. Once the surface is roughly
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a)

b)

c)

d)

Fig. 2 Sequence of grids during the generation process of a torus surface mesh. a) Corresponds to the initial mesh and contains 280 boundary nodes;
b), c), and d) represent next three steps with 275, 594, and 715 more points, respectively.

representedby the surface grid (Fig. 2d), this � lter does not modify
the basic swapping criteria anymore.

Grid Smoothing
One of the most common procedures to improve mesh quality is

the smoothing of the grid coordinates.This process is carried out in
the present work by the application of the following Laplacian-like
smoothing:

x j = x j + c
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neigh

xneigh ¡ x

´
(1)

wherex j is thegridpointcoordinatevector,xneigh are thecoordinates
of the nodes that surround the point j , and N is the number of those
nodes. The problem arises when the mesh nodes are located on a
surface; in this case the guarantee has to be made that the node
movements are contained on the surface x = x(u, v). The best way
to ful� ll this condition is to perform the smoothing in the mapped
space, i.e.,

u j = u j + c
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and in the same manner for v . The problem is that the smoothing
has to be carried out in the physical space because the application
of the Laplacian operator in the mapped space tends to improve the
grid distribution in this plane and to deform the grid in the physical
space. To � x this problem, it is better to see the Laplacian � lter as
an iterative process to reach the equilibrium state of a set of linear
springs of identical stiffness, which joins the nodes with the same
topologythan themesh (the springanalogy). The surfacecan thenbe
imagined coveredby a network of springs for which the mechanical
equilibrium condition states that the net tangential force for each
node has to vanish. The projection of the force exerted by one of
such springs along the lines u = const can be expressed as

Fu = K ( D s)u = K

³
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where K is the stiffness of the spring, D su is the projection of the
distance sneigh ¡ s j along the line v = const, and D u =uneigh ¡ u j .
Likewise the iteration procedure for of u can be expressed as

u j = u j + c
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Fig. 3 Geometric derivation of grid-smoothing formula.

where the � rst bracket is the projectionof distancebetween nodes j
and neigh along the lines v = const. The former equation represents
the transformation of the length increments along v = const in the
correspondingincrements in u, that is the updatedvariable.Figure 3
shows a graphicalconstructionof Eq. (4). To ease the interpretation,
the mapped plane (u, v ) and the (x, y) plane coincide in this case.
The derivative term can be geometrically expressed as

³
ds

du

´

j,v = const

=
1

cos a
(5)

A smoothing coef� cient c of 0.5 is used for all of the interior
points, whereas for the nodes adjacent to the boundaries the co-
ef� cient is reduced to 0.25. Typically three smoothing steps are
performed.

Re� nement Criteria
The mesh-generation procedure is based on the subdivision of

the elements of an initial grid by the insertion of new nodes in the
centroid of the triangles � agged for re� nement. Some criteria have
then to be established to select which cells will be subdivided.
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The � rst step is to interpolate the value of the element size func-
tion in the centroid of the cell sc. If sc is less than one-third of the
perimeter of the cell, the element is � agged for re� nement. The cell
is deleted from the list of cells and three new triangles formed by
joining the vertices of the erased cell and its centroid are created.

It is usually expected that the triangulated surface deviates less
than a given tolerance from the actual surface. This requirement
cannot be directlyachieved in a warp surfaceby using the preceding
criterionbecause this does not have the ability to account for effects
associated with the local curvature of the surface. To avoid this
limitation, the centroidof cell in the mappedspace is calculated,and
two auxiliary points are obtained in physical space for this unique
node on the parametric plane: one as contained in the current grid
and the other as belongingto the MGG grid. If the distancebetween
these two points is greater than the prescribed tolerance, the cell is
� agged for re� nement.

In surfaces with high curvature, after some insertion steps the
threshold imposed by the element size function is always satis� ed,
and cells are only � agged for re� nement by the curvature criterion.
When this situation arises, the node degree homogenization tech-
niques erase many of the new points, and the number of insertion
steps needed to reach a converged state is large. To alleviate this
problem, the procedureused to � ag cells by curvature is tailored to
mark notonly the“suspicious”elementbut its neighborsaswell.The
� nal result is that the overall process is accelerated and a smoother
transition between areas of different curvatures is reached.

The same procedure is repeated for each cell, and upon comple-
tion of the � agging procedure a sequence of swappings is started in
order to improve the quality of the new grid.

Application Examples
During the development stage of the algorithm, we have used a

number of elemental surfaces (e.g., paraboloids, cones, tori, etc.)
with different topological properties to check the validity of the
method.For the sake of conciseness,we will concentratehere in two
cases: the � rst test case is a four-sided surface patch with a uniform
node spacing in the mapped space that represents a paraboloid in
the physical space. This simple example may give an idea of the
asymptotic quality that can be reached by the method. However,

Fig. 4 Statistics of element angle distributions of a four-sided
paraboloidpatch z = x2 + y2 with 2195nodesand 4268cells for the quasi-
three-dimensional grid and the planar grid mapped into the surface.

Table 1 CPU time breakdown for the
generation of a mesh of 105 elements on

a paraboloida

Process Time, s

Build MGG (1) 0.34
Creation of new points (9) 6.34

Compute physical space coordinates 4.89
Point triangulator (9) 63.34

Watson’s algorithm (3) 0.99
Points direct insertion (6) 31.25
Swapping process (28) 30.20

Node degree homogenization (8) 113.72
Case of degree 3 (33) 2.21
Case of degree 4 (50) 8.79
Pairs 5-5 (62) 16.69
Case of degree >7 (10) 82.54

(151 calls to Watson’s algorithm)
Grid smoothing (8) 2.12
Element size function smoothing (8) 4.95
Total 190.89

aThe numbers in parentheses indicate the number of calls of
the routine. The test case was run on an IBM 39H.

Fig. 5 Wire-frame representation of an LPT blade (left) and close-ups
of the mesh in the tip shroud (right top) and the platform (right bottom)
regions. The solid model is de� ned by 102 faces and 304 edges. The
surface mesh contains 57,000 nodes and 115,000 cells.

the nonuniformity of the boundary nodes and the presence of acute
corners in physical coordinatesinducedby the parameterizationcan
well representtypicaldif� cultiesencounteredin practicalsituations.
The statistics of the grid built with the Q3D algorithm and the grid
that would be obtained if a two-dimensional mesh were generated
in the plane, and then the nodes mapped into the surface are shown
in Fig. 4. It may be appreciated that the quality of the � nal grid is
high but still below the excellence demonstrated by the AF point
placement strategies. The geometry of the second case represents a
bladeof a low-pressureturbine. It containsthe aerodynamicsurface,
the tip shroud, the platform, and the attachment to the disk and
consists of 106 different surfaces. The wire-frame representation
of the solid and two details of the tip shroud and the platform are
shown in Fig. 5. The blade contains different length scales, and it
can be considered as an example of a complex con� guration.

CPU Time Breakdown
To measure the ef� ciency of the method, a mesh of 105 cells

was obtained on a paraboloid with the default values of all of the
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parameters used in the code. The time breakdown is shown in Ta-
ble 1. With the present procedurea mesh of 105 cells requires about
191 s of CPU time. It can be seen that the most expensivepart of the
algorithm is the elimination of nodes of degree higher than seven.
The cause of this inef� ciency has not been tracked in detail but
must be attributed to a bad practice in the implementation of the
algorithm. If the node-degree homogenization techniques are not
employed, then the time is reduced to 70 s approximately.

It has been reported2 that the time necessary to generate a two-
dimensionalgrid with 105 elements it is about17 s onanSGI Indigo2

R4400. The same author claims that the equivalent method for
the generation of a surface grid requires three times as much
CPUtime as the two-dimensional planar procedure. Thus the total
cost can be estimated in about 1 min of CPU time, which is more or
less the same amount obtained if the node-degree homogenization
technique is removed from Table 1.

Conclusions
A method for the ef� cient generationof unstructuredgrids on ar-

bitrary surfaces based in Steiner triangulationshas been presented.
The mesh-generation system uses an internal representation of the
surface to isolate the grid-generationand CAD systems. The algo-
rithm does not need the tracking of fronts, and therefore its imple-
mentation is attractive because of its simplicity. A special � lter has
been devised to avoid the generation of sawtooth patterns on the
surface during the early stages of the gridding process, and this has
proved to be an essential part of the method. The quality of the sur-
face and planar grids obtained by the present approach are similar,
but still below the attainable by means of an AF point-placement
strategy.
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Continuous-Phase Properties
of Homogeneous Particle-Laden

Turbulent Flows
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Nomenclature
CD = particle drag coef� cient
D = dissipation factor; Eq. (2)
dp = particle diameter
fi = volume fraction of region i
n 0 0 = particle number � ux
Up = mean streamwise relative velocity of a particle
u, v = instantaneousstreamwise and cross-stream gas velocity
ū, v̄ = mean streamwise and cross-streamgas velocity
ū 0 , v̄ 0 = rms � uctuating streamwise and cross-stream velocity
e = local rate of dissipation of turbulence kinetic energy
} = average generic property of the overall � ow
} i = average generic property of region i of the � ow

Subscripts

i = turbulent interwake region
w = particle wake region

Introduction

T URBULENCE generation is de� ned as the direct distur-
bance of the continuous-phasevelocity � eld by the wakes of

dispersed-phaseobjects in dispersed multiphase � ows. Turbulence
generation supplements the conventional production of turbulence
caused by mean velocity gradients in the continuous phase; it is
most important when dispersed-phase objects have large relative
velocities (large Reynolds numbers) and relatively large relaxation
times compared to characteristic turbulence times. Such conditions
are typical of many practical dispersed multiphase � ows having
signi� cant separated-�ow effects, e.g., sprays, particle-laden jets,
bubbly jets, rainstorms, etc. Motivated by these observations, the
present investigationsought to developmethods to predict the over-
all continuous-phaseproperties of homogeneousparticle-ladentur-
bulent � ows dominatedby turbulencegenerationand to evaluate the
predictions based on earlier measurements from this laboratory.1 ¡ 5

Initial observations of turbulence generation in this laboratory
considered uniform � uxes of nearly monodisperse spherical par-
ticles in still water and air to yield homogeneous and stationary
� ows where turbulence production was caused entirely by turbu-
lence generation.1,2 The local rate of dissipation of turbulence ki-
netic energy e mainly controls continuous-phaseproperties in these
� ows andcanbe foundas the local rateof loss of particlemechanical
energy per unit volume, as follows:

e = p n 0 0 d2
pCDU 2

p
| 8 (1)

All other properties of these � ows, however, are not known and
must be related to dissipation rates and particle properties. Finally,
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